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Sensitivity to New Physics

• e.g. MSSM contributions

• Stringent constraint on any NP model.
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B→Xsγ
• The mother of all FCNC processes

• Suppressed in the SM, but large enough to 
be well measured.

• Sensitive probe of New Physics. E.g. MSSM



Experiment vs. NLO theory

HFAG ‘06

Brexp(Eγ > 1.6GeV) = (3.55 ± 0.24+0.09
−0.1 ± 0.03) × 10−4
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Charm Quark Mass

mc/mb = 0.29± 0.02

mc/mb = 0.22± 0.04

(on-shell)

(MS)
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mc/mb = 0.29 ± 0.02 (pole mass)

mc/mb = 0.22 ± 0.04 (MS)

BrSM(Eγ > 1.6GeV) = (3.33 ± 0.29) × 10−4, mc/mb = 0.26 ± 0.01

mc(mc)/m1S
b



Experiment?

HFAG ‘06

Brexp(Eγ > 1.6GeV) = (3.55 ± 0.24+0.09
−0.1 ± 0.03) × 10−4

• All experiments have Eγ>E0≥1.8 GeV
• HFAG uses model shape function to 

extrapolate results to E0≥1.6 GeV. 
• Use single functional form with two 

parameters (mb & µπ) and 
• model falls off exponentially instead of 

power-like

• Until recently, experiments used to 
extrapolate to the total rate.

model uncertainty b→dγ



Extrapolation to lower cut energy E0

• Standard OPE calculation is unreliable at 
high E0.  (Note Emax=mB/2)
• Is it reliable at E0=1.6GeV?

• For current measurements E0≤1.9GeV, model 
independent calculation is possible!
• Multi-Scale OPE → third part of the talk

• Compare event fractions: F(E0)=Γ(Eγ>E0)/Γtot

Neubert ‘04

MSOPE @ NLO  HFAG ‘06

F(Eγ>1.8 GeV) 0.88±0.07 0.933±0.006
PT error dominates

Neubert ‘04 Buchmüller, Flächer ‘06



NNLO
• Experimental uncertainty already 

somewhat smaller than theoretical 
uncertainty. Need

• total rate to NNLO and
• calculation of event fraction to NNLO.

• With present agreement between theory 
and experiment large deviation unlikely.

• Reliable uncertainties crucial to get 
meaningful bounds on New Physics. 

Br(Eγ > E0) = Br(tot) × F (E0)



 

Total B→Xsγ rate to NNLO: 
quite a loopfest in itself!



Calculation of the total rate

• Three steps

• At lowest order in 1/mb OPE calculation 
boils down to evaluating the partonic b→sγ 
matrix elements

• Leading power corrections are known to LO

• NLO EW corrections known

OPE             ←             run          ←          match 

mb MZ, mt, ... MX

eff. weak Hamiltonian
“Fermi Theory” SUSY, xD, ?...SMHQET



Effective weak Hamiltonian

• Small contribution from 

two different types of collinear fields defined with respect to opposite light-cone directions.
Using the same power-counting arguments we analyze the infrared messenger modes that
can potentially spoil factorization in the matrix elements defining the second term of (1).
In Section 4, we match the effective weak Hamiltonian onto the list of operators derived
in Section 3. The resulting B → V γ matrix elements can be written in the form of the
factorization theorem (1). We show that the infrared messenger modes cannot contribute
to the matrix elements defining the second term of (1), thus demonstrating that the hard-
scattering kernels are free of infrared divergences to all orders in perturbation theory. In
Section 5 we consider the phenomenological implications of our analysis by computing the
B → K∗γ branching fraction, isospin asymmetry and CP asymmetry. We include the first
complete treatment of the hard-scattering terms at leading order in RG improved perturbation
theory. We discuss the phenomenological impact of the resummation of the leading single and
double logarithms and of the inclusion of one-loop matching corrections to the hard-scattering
kernel. In Section 6 we summarize our results and present our conclusions.

2 Perturbative analysis of B → V γ

In the Standard Model, the effective weak Hamiltonian mediating flavor-changing neutral
current (FCNC) transitions of the type b → s has the form

HW =
GF√

2

∑

p=u,c

V ∗
psVpb

[
C1Q

p
1 + C2Q

p
2 +

8∑

i=3

CiQi

]
, (3)

with

Qp
1 = s̄γµ(1 − γ5)p p̄γµ(1 − γ5)b , Qp

2 = s̄iγµ(1 − γ5)p
j p̄jγµ(1 − γ5)b

i ,

Q3 = s̄γµ(1 − γ5)b
∑

q

q̄γµ(1 − γ5)q , Q4 = s̄iγµ(1 − γ5)b
j
∑

q

q̄jγµ(1 − γ5)q
i ,

Q5 = s̄γµ(1 − γ5)b
∑

q

q̄γµ(1 + γ5)q , Q6 = s̄iγµ(1 − γ5)b
j
∑

q

q̄jγµ(1 + γ5)q
i ,

Q7 = − e

8π2
mbs̄σ

µν(1 + γ5)b Fµν , Q8 = − g

8π2
mbs̄σ

µν(1 + γ5)T
abGa

µν .

(4)

Here i and j are color indices. The effective weak Hamiltonian for b → d transitions is obtained
by replacing s → d in the above expressions. Our sign conventions are such that the covariant
derivative acting on a down-type quark is iDµ = i∂µ − 1

3eAµ + gT aAa
µ.

Our task is to analyze the factorization properties of the matrix elements involving the
above operators. The factorization theorem (1) holds trivially for the operator Q7, which
directly maps onto the QCD tensor current. The goal of the present paper is to show that the
matrix elements of the remaining operators can also be brought into this form. To analyze
the factorization properties of these matrix elements, we use the reduction formula

4

sb

g c c

mbs̄LσµνF
µν

bR mbs̄LσµνG
µν

bR c̄LγµbL s̄LγµcL

Q7 Q8 Q1,2

C7(mb) ≈ −0.3 C8(mb) ≈ −0.15 |C1,2(mb)| ≈ 1

|C3−6(mb)| < 0.07

NLOLO NLO



Effective Hamiltonian at NNLO: matching

• Matching at the weak scale complete.

• NNLO = three loops because of weak-
interaction loop (“penguin”)

1 Introduction

The inclusive weak radiative B̄-meson decay is known to be a sensitive probe of new physics.
Its branching ratio has been measured by CLEO [1], ALEPH [2], BELLE [3] and BABAR [4].
The experimental world average [5]

BR[B̄ → Xsγ, (Eγ > 1
20mb)] = (3.34 ± 0.38) × 10−4 (1.1)

agrees with the Standard Model (SM) predictions [6, 7]

BR[B̄ → Xsγ, (Eγ > 1.6 GeV)] = (3.57 ± 0.30) × 10−4, (1.2)

BR[B̄ → Xsγ, (Eγ > 1
20mb)] # 3.70 × 10−4. (1.3)

Such a good agreement implies constraints on a variety of extensions of the SM, including
the Minimal Supersymmetric Standard Model with superpartner masses ranging up to several
hundreds GeV. These constraints are expected to be crucial for identification of possible new
physics signals at the Tevatron, LHC and other high-energy colliders. However, any future
increase of their power depends on whether the theoretical calculations manage to follow the
improving accuracy of the experimental determinations of BR[B̄ → Xsγ].

As pointed out more than two years ago [6], the main theoretical uncertainty in the SM
prediction for BR[B̄ → Xsγ] originates from the perturbative calculation of the b → sγ ampli-
tude. It is manifest when one considers the charm-quark mass renormalization ambiguity [6]
in the two-loop, Next-to-Leading Order (NLO) QCD corrections to this amplitude [7, 8]. The
only method for removing this ambiguity is calculating the three-loop, Next-to-Next-to-Leading
Order (NNLO) QCD corrections. A sample NNLO diagram is shown in Fig. 1.

s

u, c, t
b

W

γ

Figure 1: One of the O(103) three-loop diagrams that we have calculated.

Since mb $ MW , such diagrams are most conveniently calculated using an effective field
theory language. The electroweak-scale contributions are encoded into the matching conditions
for the Wilson coefficients, while the b-quark-scale contributions are seen as matrix elements
of several flavour-changing operators. Large logarithms ln(M2

W /m2
b) are resummed using the

effective theory Renormalization Group Equations (RGE) that result from the operator mixing
under renormalization.

1

Misiak and Steinhauser ‘04
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γ

t

LO NNLO



• Done: Four quark operators, self-mixing of dipole 
operators.

• New: four-loop anomalous dimensions for mixing Q1-6 
into Q7. (>100’000 diagrams)

• Effect on Br is -2.4%, larger than expected.

• Soon: Q1-6 into Q8. Completes NNLO eff. Hamiltonian!

Effective Hamiltonian at NNLO: running

Gorbahn and Haisch ‘04 Gorbahn, Haisch, Misiak ‘05
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Figure 5: Some of the three-loop 1PI diagrams we had to calculate in order to find the
mixing among the four-quark operators Q1–Q6 at O(α3

s).

The finite parts of Eq. (33) in the limit of ε going to zero give the anomalous dimensions.
Inserting the expansions of γ̂(g) and β(g) in powers of g, as given in Eq. (5), one im-
mediately finds [15, 18] for the anomalous dimensions governing the evolution of physical
operators up to third order in the strong coupling parameter:

γ̂(0) = 2Ẑ(1,1) ,

γ̂(1) = 4Ẑ(2,1) − 2Ẑ(1,1)Ẑ(1,0) ,

γ̂(2) = 6Ẑ(3,1) − 4Ẑ(2,1)Ẑ(1,0) − 2Ẑ(1,1)Ẑ(2,0) .

(35)

The matrices Ẑ(1,0), Ẑ(1,1), Ẑ(2,0) and Ẑ(2,1) are found by calculating various one- and
two-loop diagrams with a single insertion of Q1–Q6, E(1)

1 –E(1)
4 and E(2)

1 –E(2)
4 , whereas

the matrix Ẑ(3,1) requires the computation of three-loop diagrams with insertions of Q1–
Q6 as shown in Figure 5. The pole and finite parts of these one-, two- and three-loop
diagrams are evaluated using the method we have described together with Paolo Gambino
in detail in [15]: We perform the calculation off-shell in an arbitrary Rξ gauge which allows
us to explicitly check the gauge-parameter independence of the mixing among physical
operators. To distinguish between IR and UV divergences we follow [17,18] and introduce
a common mass M for all fields, expanding all loop integrals in inverse powers of M . This
makes the calculation of the UV divergences possible even at three loops, as M becomes
the only relevant internal scale and three-loop tadpole integrals with a single non-zero
mass are known [18, 32]. On the other hand, this procedure requires to take into account

insertions of the non-physical operators N (1)
1 and N (2)

1 –N (2)
10 , as well as of appropriate

counterterms of dimension-three and four, some of which explicitly break gauge invariance.
A comprehensive discussion of the technical details of the renormalization of the effective
theory and the actual calculation of the operator mixing is given in [15].

Having summarized the general formalism and our method, we will now present our
results for an arbitrary number of quark flavors denoted by f . For completeness we start
with the regularization- and renormalization-scheme independent matrix γ̂(0), which is

14

2

Our calculation completes the three-loop QCD ADM
for the whole dimension-five part of the effective La-
grangian, because the dipole operators in Eq. (3) are the
only EOM-non-vanishing operators in this sector. Simul-
taneously, our results establish the whole three-loop QCD
ADM for the |∆F | = 1 operators of dimensions five and
six that arise in the SM case — all other three-loop ADM
entries for such operators are known from previous pub-
lications [5, 11, 12]. The only ADM entries that remain
to be calculated for B̄ → Xsγ at the NNLO in QCD
correspond to the four-loop mixing of certain four-quark
operators into the dipole operators [13].

For definiteness in the further discussion, we shall
choose the flavors, chiralities, normalization and names
of the dipole operators as it is usually done in the phe-
nomenological analyses of B̄ → Xsγ, namely

Q7 =
e

16π2
mb (s̄LσµνbR)Fµν ,

Q8 =
gs

16π2
mb (s̄LσµνT abR)Ga

µν .

(6)

However, we stress that the 2×2 ADM which we calculate
is the same for any pair of such quark dipole operators,
including the flavor-conserving ones. There is no mixing
between dipole operators of different flavor content, even
in the flavor-conserving sector [3, 6].

In order to remove the divergences of all possible
off-shell one-particle-irreducible (1PI) Green’s functions
with single insertions of Q7 and Q8, we have to introduce
the following EOM-vanishing counterterms [3, 5]

QD/D/ =
1

16π2
mbs̄LD/ D/ bR ,

QD/G/ =
igs

16π2
mbs̄L

( ←

D/ G/ − G/ D/
)

bR ,

(7)

where Dµ = ∂µ + igsGµ + ieQdAµ and
←

Dµ =
←

∂µ −igsGµ

− ieQdAµ denote the covariant derivatives of the gauge
group SU(3)C × U(1)em acting on the fields to the right
and left, respectively, and we have used the definition
Gµ = Ga

µT a for the matrix-valued gluon field. Aµ is the
photon field, and the color generators are normalized so
that Tr(T aT b) = δab/2.

Notice that the operator QD/D/ is gauge-invariant, while
QD/G/ is not. The appearance of such operators is ex-
pected on general grounds [14, 15]. In principle, one
could also encounter nonphysical counterterms that can
be written as Becchi-Rouet-Stora-Tyutin (BRST) varia-
tions of some other operators, so-called BRST-exact op-
erators. However, they turn out to be unnecessary in the
case of the dipole operator mixing. This issue is discussed
in more detail in Refs. [3, 5, 11].

We perform the calculation using dimensional regular-
ization and the MS scheme. As far as the matrix γ5

is concerned, its only relevant property in our case is
[γ5, γµγν ] = 0, which, to our knowledge, holds in all the

b b s s
γ

g

Q7

!
b b

s

γ

g

Q7

!

g

b s

γ

g

Q7

!

gg

FIG. 1: Typical examples of 1PI diagrams describing the self-
mixing of Q7 at the one-, two- and three-loop level.

commonly used schemes for the treatment of γ5, includ-
ing the Naive Dimensional Regularization (NDR) and
t’Hooft-Veltman (HV) schemes. However, the ADM be-
yond one loop in the Dimensional REDuction (DRED)
scheme is different from the one we find here because this
scheme does not coincide with standard dimensional reg-
ularization even in the absence of γ5. A description of
the properties of the NDR, HV and DRED schemes, as
well as a list of relevant original articles can be found in
Ref. [16].

The necessary three-loop renormalization matrix is
found by calculating the one- and two-loop b → s,
b → sγ, b → sg amputated Green’s functions with sin-
gle insertions of Q7, Q8, QD/D/ and QD/G/ , as well as the
three-loop b → sγ and b → sg amplitudes with insertions
of Q7 and Q8. Sample diagrams are shown in FIG. 1.
The corresponding one-, two- and three-loop amplitudes
are evaluated using the method that has been described
in Refs. [3, 5, 17]. We perform the calculation off shell
in an arbitrary Rξ gauge, which allows us to explicitly
check the gauge-parameter independence of the mixing
among physical operators. To distinguish between in-
frared and ultraviolet (UV) divergences, we introduce a
common mass M for all fields, expanding all loop inte-
grals in inverse powers of M . This makes the calcula-
tion of the UV divergences possible at three loops, as M
becomes the only relevant internal scale, and three-loop
tadpole integrals with a single nonzero mass are known
[17, 18]. On the other hand, this procedure requires to
take into account insertions of the nonphysical operators
QD/D/ and QD/G/ , as well as of the following counterterm
of dimension three:

M2mbs̄LbR . (8)

A comprehensive discussion of the technical details of
the renormalization of the effective theory and the actual
calculation of the operator mixing is given in Refs. [3, 5].

Having summarized our method, we now present our
results for arbitrary numbers of down- and up-type quark
flavors denoted by nd and nu, respectively. The ADM
depends on the total number of active quark flavors nf =
nu + nd, and their “total” electric charge Q = nuQu +
ndQd. The regularization- and renormalization-scheme
independent matrix γ̂(0) is given by

γ̂(0) =

(

32
3

0
32
3

Qd
28
3

)

. (9)

Czakon, Haisch & Misiak,
 to appear



Matrix elements

• Done: Matrix element of Q7.
• Most complicated part of entire calculation 

are the 3-loop matrix elements of Q1,2. 
• nf-part known.
• expansion around mc/mb>> 1 (!) calculated, 

extrapolation to mc/mb. Misiak et al., to appear

• At NLO this works numerically fairly well, 
but...

b

s

γ

Melnikov, Mitov ‘05 
Blokland, Czarnecki, Misiak, Slusarczyk, Tkachov ‘05FIG. 2: Diagrams 3a–b and 4a–b associated with the operator O2. The photon is represented by

a wavy line and is emitted from an up-type quark in all the diagrams. The virtual gluons are

represented by curly lines. The sum of the first two graphs is denoted with M (2)
2,bare(3), whereas the

sum of the second two diagrams is called M (2)
2,bare(4).

In a next step we denote the four different denominators with

D1 = (p′ + r)2 − m2
b + i δ,

D2 = (p + r)2 − m2
b + i δ,

D3 = r2 −
m2

c

x(1 − x)
+ i δ,

D4 = r2 + i δ,

and introduce a Feynman parametrization as follows:

1

D1D2Dε
3D

1+ε
4

=
Γ(3 + 2ε)

Γ(ε)Γ(1 + ε)

∫
du dv dy wεyε−1

(D1u + D2v + D3y + D4w)3+2ε
, (9)

with w = 1− u− v − y. The integration variables (u, v and y) run in the simplex S defined

through u, v, y ≥ 0 and u + v + y ≤ 1. After the integration over r one simplifies the

remaining integrals with the help of the substitutions

u → (1 − u′)

(
1 −

1 − v′

u′

)
, v →

1 − u′

u′
(1 − v′) , y → u′y′ . (10)

The integration variable v′ varies in the interval [1−u′, 1] whereas the other three variables

x, y′ and u′ all vary in the interval [0, 1]. We tighten the notation by omitting the primes

8

2

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

(p) (q) (r) (s) (t)

(u) (v) (w) (x) (y)

(z) (aa) (ab) (ac) (ad)

FIG. 1: Three loop self-energy diagrams required for the O
(
α2

s

)
computation. Thick solid closed loops in (ab,ac,ad) depict

massive (b quark) loops. Thin solid closed loops in (y), (z), (aa) denote massless fermions. From the latter diagrams we find
also the contributions of gluon and ghost loops, as explained in the text.

α2
sβ0 effect found in Ref. [19] and also provide the α2

s corrections that are not enhanced by β0. With this result, we
can check the extent to which the β0 effect is dominant. The conclusion turns out to depend very much on what
renormalization scheme is used for the overall factor of m5

b in the expression for the decay rate.
Since the result obtained here is only a partial contribution to the future full NNLO correction, we present a

number of intermediate results and describe in detail our renormalization procedure. We hope that this will simplify
the utilization of our result when the remaining ingredients are known at the NNLO level.

The paper is organized as follows. In Section II, we describe the calculation of the relevant diagrams as well as their
renormalization. Section III is devoted to presenting our main results and discussing the large-β0 approximation. We
conclude in Section IV. Contributions from particular diagrams are listed in the Appendix.

b

nf -part: Bieri, Greub, 
Steinhauser ‘03



 

Photon energy cut

1. The total rate cannot be measured.
2. Even if it could be measured, it could not be 
calculated.
3. Even if it could be calculated, the result would 
be incorrect.

after Gorgias, 483-375 BC



Photon energy cut
• Total rate is not measurable, need to 

impose cut on photon energy Eγ>E0

• Experimentally very energetic photon is 
necessary to suppress background. 

• All experiments have E0 ≥ 1.8GeV. 

• Note: Eγ < mB/2 ≈ 2.6GeV

• Need to cut out charm resonances: decay 
B→ψ X followed by ψ →Xγ. Achieved by 
setting E0>1.5GeV. 



Photon energy spectrum

• Belle  has E0=1.8GeV, BaBar E0=1.9 GeV

• Cut complicates theoretical analysis...

• beam background.

The photon spectra for ON and scaled OFF data samples along with the results of
subsequent background subtractions are plotted in Fig. 1(a). The B → Xsγ photon energy
spectrum that has been corrected for efficiency is shown in Fig. 1(b). The analysis measured
the branching fraction,

B(B → Xsγ) = (3.55 ± 0.32+0.30+0.11
−0.31−0.07) × 10−4, (1)

where the errors are statistical, systematic and theoretical, respectively. This result agreed
with the latest theoretical calculations [15, 16], as well as with previous measurements made
by CLEO [17] and Belle [18].
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FIG. 1: From [12]. (a) Photon energy spectra in the Υ(4S) frame. (b) Efficiency-corrected photon

energy spectrum. The two error bars show the statistical and total errors.

MOMENT MEASUREMENTS

We follow the procedure used in the published analysis [12], with some slight variations.
No attempt is made to correct for the part of the spectrum that is not measured with
a satisfactory precision i.e from energy below 1.8 GeV. We apply lower energy threshold
cuts as measured in the Υ(4S) rest frame (E∗

cut) to the efficiency corrected spectrum, from
which we obtain truncated first and second moments. Corrections are applied to recover the
moments such that the lower energy thresholds correspond to quantities measured in the
B-meson rest frame (Ecut).

A simple procedure is used to unfold the effects of detector resolution, the small B-meson
boost in the Υ(4S) frame, and that of the 100 MeV wide bins. We define the first moment
as 〈Eγ〉 (mean) and the second moment as ∆E2

γ ≡
〈

E2
γ

〉

−〈Eγ〉2 (variance). The corrections
are as follows:

5
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Figure 4: Efficiency-corrected photon energy spectrum for the extracted signal, shown only for the
originally-blinded range of reconstructed energy (note the range 2.7-2.9GeV is not used to measure
the branching fractions or moments). The small error bar is statistical only. The larger error bar
also includes BB and other systematic uncertainties and a model-dependence uncertainty, all in
quadrature. There are significant correlations among non-statistical uncertainties for different bins.

from the B rest frame to the Υ (4S) frame, given our ignorance of the direction of the B.) We
compute the correction factor αcut for the KN and BBU models and find that it has minimal model-
dependence. Table 4 shows PBFs with corrections applied, along with the statistical, systematic and
model-dependent errors. For the corrected PBFs the latter includes two correlated contributions:
the model-dependent efficiency uncertainty noted above, already applied to the measured PBFs,
and the uncertainty on αcut.

We studied many sources of systematic uncertainty, and here note the more significant. The
uncertainty on the BB background subtraction is shown in Table 3, and amounts to 5.5% for 2.0 to
2.7GeV. It comes mostly from the statistical uncertainties on the correction factors derived from
the π0(η) control sample. Other systematic effects total 6.4% in quadrature. Of this, 3.3% is the
uncertainty on photon selection, dominated by a 2.5% uncertainty on photon efficiency (determined
from π0s in τ decays) and 2% for the photon isolation cut. It also includes allowance for uncertainties
in photon energy scale and resolution, and in the photon lateral shape cut efficiency, derived mainly
from data from the BABAR B → K∗γ analysis and photons from virtual Compton scattering. The
efficiency of the event shape cuts was studied using a π0 control sample to compare distributions of
the Fisher discriminant between data and simulation, resulting in an uncertainty of 3.0%. A small
sensitivity to details of Xs fragmentation implies, for the adjustments determined in the BABAR

semi-inclusive analysis, an additional uncertainty of only 1.4%. A 2.2% uncertainty is assigned for
lepton identification, and 3.0% for the uncertainties on the semileptonic corrections.
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FIG. 2. Observed laboratory frame photon energy spectrum (weights per 100 MeV) for On
minus scaled Off minus B backgrounds, the putative b → sγ plus b → dγ signal. No corrections have

been applied for resolution or efficiency. Also shown is the spectrum from Monte Carlo simulation
of the Ali-Greub spectator model with parameters 〈mb〉 = 4.690 GeV, PF = 410 MeV/c, a good
fit to the data.
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Scales
• With a cut Eγ>E0 , problem contains three 

relevant scales
• Hard scale:  mb

• Jet scale:       MX~(mbΔ)1/2

• Soft scale:    Δ=mb-2E0

• OPE becomes expansion in Λ/Δ instead of Λ/mb!

E0 [GeV] Δ [GeV] MX [GeV]
0 4.6 4.6 OPE

1.6 1.4 2.5 MSOPE
1.8 1.0 2.1 MSOPE
2.0 0.6 1.7 Shape-function



H(µh) H(µh)

Soft-Collinear Effective Theory

Γ ∼ H
2
J ⊗ S

QCD

Heavy-Quark Effective Theory

J(p2, µi)

H(µh) H(µh)

soft fields

collinear fields

Factorization theorem

B

B

BBB

BKorchemsky, Sterman ‘94

s
bb

HQET fields ≡ soft fields

softhard jet
shape function



Event fraction

• Any choice of scale µ leads to large 
perturbative log’s, either in h, J, or S.

• Evaluate each part at its characteristic scale and 
use RG evolution to evolve to a common scale.

• This resums all (Sudakov) logarithms.

• Same jet-function J as in DIS for x→1.

F (E0) = h(mb, µ)

∫ ∆

0

dP

∫ P

0

dω J(mb(P − ω), µ) S(ω, µ)



Calculation of the soft function

• Write δ-distribution operator in shape 
function as discontinuity of propagator

➡ Calculation can be done with standard 
techniques for loop integrals

where In(x) are n-th order polynomials defined as

In(x) =
dn

dεn
exp

εx +

∞∑

k=2

(−1)k

k
εkζk




∣∣∣∣∣∣
ε=0
. (6)

By solving the renormalization-group equation for the soft function order by order in perturbation
theory, the coefficients c(n)

k!0 of the logarithmic terms in (4) can be obtained from the expansion coeffi-
cients of the shape-function anomalous dimension and the β-function, together with the coefficients
c(n)

0 coefficients arising in lower orders [15]. The two-loop calculation performed in the present pa-
per gives the constant c(2)

0 and provides a check on the two-loop anomalous dimension of the shape
function. We also note that from our result for s(L, µ) one can derive the two-loop expression for
S parton(ω, µ) in terms of so-called star distributions [16].

In the next section, we discuss how to perform the two-loop calculation of the soft function s in
an efficient way. The calculation is simplified by representing the δ-function operator appearing in
the shape-function as the imaginary part of a light-cone propagator. In this way, we avoid having
to deal with distribution-valued loop integrals and instead map the calculation to the evaluation
of on-shell two-loop integrals with heavy-quark and light-cone propagators. Using integration-by-
parts relations among these loop integrals, the entire calculation is reduced to the evaluation of four
master integrals. After presenting the result for the bare soft function, we discuss its renormalization
in Section 3. The relevant anomalous dimension depends both implicitly (through the coupling
constant) and explicitly (through a star distribution) on the renormalization scale. This explicit
dependence gives rise to Sudakov logarithms in the soft function. We conclude after presenting our
final expression for the renormalized soft function in Section 4.

2 Two-loop calculation of the soft function
The definition of the soft function s in (3) implies that

s
(

ln
Ω

µ
, µ
)
≡
∫ Ω

0
dω 〈bv| h̄v δ(ω + in · D) hv |bv〉 , (7)

where hv are effective heavy-quark fields in heavy-quark effective theory [21], bv are on-shell b-
quark states with velocity v, and n is a light-like 4-vector satisfying n · v = 1 (note that v2 = 1 and
n2 = 0). The normalization of states is such that 〈bv| h̄v hv |bv〉 = 1.

Working with the above representation of the soft function is difficult due to the presence of the δ-
function differential operator, the Feynman rules for which involve δ functions and their derivatives.
This complication can be avoided by writing the δ-function operator as the discontinuity of a light-
cone propagator in the background of the gluon field. This allows us to represent the soft function
as a contour integral in the complex ω plane:

s
(

ln
Ω

µ
, µ
)
=

1
2πi

!

|ω|=Ω

dω 〈bv| h̄v
1

ω + in · D + i0
hv |bv〉 . (8)

The Feynman rules for the gauge-covariant propagator involve light-cone propagators of the type
(ω + n · p)−1, which are straightforward to deal with using dimensional regularization and standard
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Calculation of the soft function

• ×-vertex denotes possible insertion of light-
cone propagator

• All diagrams are expressed in terms of integrals

•  

• Use integration-by-part relations to reduce to 
four master integrals (“AIR” by Anastasiou and 
Lazopoulos hep-ph/0404258)

Figure 1: Two-loop graphs contributing to the soft function. Double lines denote heavy-quark prop-
agators, while crosses denote possible insertions of the operator (ω + in · D + i0)−1.

loop techniques. Dimensional analysis implies that an n-loop contribution to the matrix element in
the integrand of the contour integral is proportional to (−ω)−1−2nε , where d = 4− 2ε is the dimension
of space-time. The relevant contour integration yields

1
2πi

!

|ω|=Ω

dω (−ω)−1−2nε = −Ω−2nε sin 2πnε
2πnε

. (9)

The two-loop Feynman diagrams contributing to the matrix element in (8) are shown in Fig-
ure 1. They are on-shell heavy-quark self-energy diagrams with an operator insertion of the gauge-
covariant light-cone propagator. Instead of drawing a separate diagram for each insertion, we draw
the topology for a set of diagrams and indicate with a cross the locations where the operator can be
inserted. The loop integrals arising in the calculation of the soft function contain heavy-quark as
well as light-cone propagators. The one-loop master integral is

∫
ddk

(−1)−a−b−c

(
k2 + i0

)a (v · k + i0)b (n · k + ω + i0)c = iπ
d
2 2b (−ω)d−2a−b−c I1(a, b, c) , (10)

where ω ≡ ω + i0, and

I1(a, b, c) =
Γ(a + b − d

2 )Γ(2a + b + c − d)Γ(d − 2a − b)
Γ(a)Γ(b)Γ(c)

. (11)

The most general two-loop loop integral we need has the form
∫

ddk ddl
(−1)−a1−a2−a3−b1−b2−b3−c1−c2

(
k2)a1 (l2)a2 [(k − l)2]a3 (v · k)b1 (v · l)b2 [v · (k + l)]b3 (n · k + ω)c1 (n · l + ω)c2

= −πd 2b1+b2+b3 (−ω)2d−2a1−2a2−2a3−b1−b2−b3−c1−c2 I2(a1, a2, a3, b1, b2, b3, c1, c2) , (12)

where all denominators have to be supplied with a “+i0” prescription. Note that we do not restrict the
exponents a1, . . . , c2 to be positive. Loop integrals with non-trivial numerators are written as linear
combinations of integrals for which some of the indices take negative values. A third light-cone
propagator, [n·(k−l)+ω]−1, can be eliminated using partial fractioning followed by a shift of the loop
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Result for the soft function

• All L=ln(Ω/µ) terms known from solving RG 
equation for the shape function → check on the 
calculation. Neubert ‘05

• Calculation gives constant c0(2) and checks two loop 
anomalous dim. γ1 of shape function 

This is the complete two-loop result for the renormalization factor of the B-meson shape function.
According to (3), the soft function is defined as the integral over the renormalized (parton-model)

shape function. Using the fact that Z(ω,ω′, µ) only depends on the difference (ω − ω′), we find that

s
(Ω
µ
, µ
)
=

∫ Ω

0
dωZ(Ω,ω, µ) sbare(ω) , (34)

where sbare(Ω) is defined as the integral over the bare shape function and is scale independent. Ex-
panding this relation in perturbation theory, we obtain

s[0] = sbare
[0] ,

s[1] = Z[0] ⊗ sbare
[1] + Z[1] ⊗ sbare

[0] ,

s[2] = Z[0] ⊗ sbare
[2] + Z[1] ⊗ sbare

[1] + Z[2] ⊗ sbare
[0] , (35)

with sbare
[0] = 1. The first term on the right-hand side in each line corresponds to the result obtained

from the loop diagrams, given in (17). The remaining terms correspond to operator counter-terms.
Explicitly, we obtain for the counter-term contributions

sC.T.
[1] =

Γ0

2ε2
+
γ0

ε
− Γ0

ε
ln
Ω

µ
,

sC.T.
[2] =

[
Γ0

2ε2
+
γ0

ε
− Γ0

ε

(
ln
Ω

µ
− H−2ε

)]
sbare

[1] (Ω)

+
Γ2

0

8ε4
+
Γ0(γ0 − 3

4β0)
2ε3

+

(
γ0(γ0 − β0)

2
+
Γ1

8
− π

2

12
Γ2

0

)
1
ε2
+
γ1

2ε

−


Γ2

0

2ε3
+
Γ0(γ0 − 1

2β0)
ε2

+
Γ1

2ε


 ln
Ω

µ
+
Γ2

0

2ε2
ln2 Ω

µ
, (36)

where H−2ε is the harmonic number, which results form the integral
∫ 1

0
dx

1 − x−2ε

1 − x
= H−2ε . (37)

The counter-term contributions can be evaluated using the results for the bare one-loop soft func-
tion from (17) and the expressions for the anomalous-dimension coefficients given in (31). When
adding these contributions to the result (17) for the bare soft function we find that all 1/εn pole terms
cancel, so that the limit ε → 0 can now be taken. In [15] the logarithmic terms in the renormalized
soft function have been determined by solving the renormalization-group equation for the function
s. At two-loop order, it was found that

s(L, µ) = 1 +
αs(µ)

4π

[
c(1)

0 + 2γ0L − Γ0L2
]

+

(
αs(µ)

4π

)2 [
c(2)

0 +

(
2c(1)

0 (γ0 − β0) + 2γ1 +
2π2

3
Γ0γ0 + 4ζ3Γ2

0

)
L (38)

+

(
2γ0(γ0 − β0) − c(1)

0 Γ0 − Γ1 −
π2

3
Γ2

0

)
L2 +

(
2
3
β0 − 2γ0

)
Γ0L3 +

Γ2
0

2
L4
]
,

9

where the non-logarithmic one-loop coefficient reads [16, 30]

c(1)
0 = −

π2

6
CF . (39)

Our results for the logarithmic terms agree with (38) and thus confirm the existing results for the
two-loop anomalous dimensions Γ1 [18] and γ1 [28, 29]. In addition, our calculation gives for the
non-logarithmic piece at two-loop order the expression

c(2)
0 = C2

F

(
−4π2

3
− 3π4

40
+ 32ζ3

)
+CFCA

(
−326

81
− 427π2

108
+

67π4

180
− 107

9
ζ3

)

+CFTFnf

(
− 8

81
+

5π2

27
− 20

9
ζ3

)
. (40)

This is the main result of the present work.
It is interesting to compare the exact answer for the coefficient c(2)

0 with the approximation ob-
tained by keeping only the terms of order β0α2

s , which could be derived without any of the elaborate
technology developed in the present paper. In the absence of exact two-loop results, it is sometimes
argued that the β0α2

s terms constitute the dominant part of the complete two-loop correction. In the
present case, we obtain for Nc = 3 colors (note that β0 = 9 for nf = 3 light flavors)

c(2)
0 ≈ 8.481 · β0

9
− 62.682 ≈ −54.201 . (41)

Keeping only the β0α2
s term would give 8.481, which has the wrong sign and is off by almost an

order of magnitude. This illustrates the importance of performing exact two-loop calculations.

4 Discussion and summary
Having completed the two-loop calculation of the soft function, we now briefly discuss the impact
of our results for the prediction of the partial inclusive B̄ → Xsγ branching ratio. We begin by
displaying the final expressions for the functions s(L, µ) and s̃(L, µ) obtained from (38) and (??) for
the case of Nc = 3 colors and nf = 3 light quark flavors. We obtain

s(L, µ) ≈ 1 +
(
−0.175 − 0.424L − 0.424L2

)
αs(µ)

+
(
−0.343 − 0.201L − 0.433L2 + 0.383L3 + 0.090L4

)
α2

s(µ) + . . . ,

s̃(L, µ) ≈ 1 +
(
−0.873 − 0.424L − 0.424L2

)
αs(µ)

+
(
−0.660 + 0.821L + 0.456L2 + 0.383L3 + 0.090L4

)
α2

s(µ) + . . . . (42)

The two-loop corrections are quite significant, especially in the case of s̃(L, µ). Figure 2 shows the
dependence of the soft functions on L = ln(Ω/µ) at the fixed renormalization scale µ chosen such
that αs(µ) = 0.45, corresponding to a renormalization point µ ≈ 1.1 GeV as appropriate for the
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Calculation of the jet-function

Figure 1: Two-loop diagrams contributing to the jet function in QCD. The circle-cross vertices

denote the Wilson lines. Not shown are additional diagrams resulting from mirror images in which

the two external points are exchanged. The first diagram is the full fermion two-point function, not

just the one-particle irreducible part.

Our calculation of the jet function employs the representation (4) of the function J(p2, µ) in terms
of ordinary QCD quark and gluon fields. The relevant two-loop diagrams are shown in Figure 1.

Equally well, one could use the SCET Lagrangian together with (3) to perform the calculation. In

this case diagrams in which a quark emits more than one gluon would also be present, in addition to

the topologies shown in Figure 1. Also, the analysis would be complicated by the fact that the SCET

Feynman rules are more complicated that those of QCD.

2.1 Evaluation of the two-loop diagrams

We first discuss the evaluation of the bare quantity jbare(Q
2) and later discuss its renormalization.

Let us begin by quoting the result for the one-loop master integral

∫
ddk

(−1)−a−b−c
(
k2 + i0

)a [
(k + p)2 + i0

]b
(n̄ · k + i0)c

= iπ
d
2

(
−p2
) d
2
−a−b

(n̄ · p)−c J(a, b, c) , (8)

with

J(a, b, c) =
Γ(d

2
− b) Γ(d

2
− a − c) Γ(a + b − d

2
)

Γ(a) Γ(b) Γ(d − a − b − c) . (9)

Note that there is a mismatch of minus signs on both sides of the relation (8). While (−1)−c appears in
the numerator of the loop integral, no such factor occurs on the right-hand side. This is a peculiarity

of loop integrals involving light-cone propagators, and it prevents a natural generalization of the

3

light-cone vectors n and n 
QCD propagator with light-like 
Wilson lines 

in terms of the quark propagator in light-cone gauge is connected with the jet function commonly

introduced in applications of perturbative QCD to hard processes. Using this connection as well as

existing three-loop results on deep-inelastic scattering [10], we derive an expression for the three-

loop anomalous dimension of the jet function.

2 Two-loop calculation of the jet function

The factorization properties of decay rates and cross sections for processes involving hard, soft, and

(hard-)collinear degrees of freedom become most transparent if an effective field theory is employed

to disentangle the contributions associated with these different momentum regions. Soft-collinear

effective theory (SCET) has been designed to accomplish this task [11, 12, 13, 14]. In the context of

SCET the jet function is defined in terms of the hard-collinear quark propagator [6, 12]

/n

2
n̄ · pJ(p2, µ) =

∫
d4xe−ip·x 〈0 |T

{
Xhc(0)Xhc(x)

}
| 0〉 , (3)

where µ is the renormalization scale. The composite field Xhc(x) = S
†
s(x−)W

†
hc
(x) ξ(x) [14, 15, 16] is

the gauge-invariant (under both soft and hard-collinear gauge transformations) effective-theory field

for a massless quark after a decoupling transformation has been applied, which removes the inter-

actions of soft gluons with hard-collinear fields in the leading-order SCET Lagrangian [12]. In the

absence of such interactions the hard-collinear Lagrangian is equivalent to the full QCD Lagrangian,

and we can rewrite the propagator in terms of standard QCD fields as

/n

2
n̄ · pJ(p2, µ) =

∫
d4x e−ip·x 〈0 |T

{
/n /̄n

4
W†(0)ψ(0)ψ(x)W(x)

/̄n /n

4

}
| 0〉 . (4)

The quark fields are multiplied by Wilson lines

W(x) = P exp

(
ig

∫ 0

−∞
ds n̄ · A(x + sn̄)

)
, (5)

which renders the expression (4) gauge invariant. Note that the Wilson lines are absent in the light-

cone gauge n̄·A = 0. For this reason, the functionJ is sometimes referred to as the quark propagator
in axial gauge. Lorentz invariance dictates that the QCD propagator in the presence of these Wilson

lines contains two Dirac structures proportional to /p and /̄n. The Dirac matrices appearing to the left

and right of the field operators in (4) project out the terms proportional to /p. The jet function J is

the discontinuity of the propagator, i.e.

J(p2, µ) =
1

π
Im
[
iJ(p2, µ)

]
= δ(p2) + O(αs) . (6)

Finally, we calculate the function j from the contour integral

j
(
ln
Q2

µ2
, µ
)
=

∫ Q2

0

dp2 J(p2, µ) = − 1
2π

!

|p2 |=Q2

dp2J(p2, µ) . (7)

2

1 Two-loop calculation of the jet function
The jet function is obtained from the hard-collinear propagator

/n
2

n̄ · pJ(p2) =
∫

d4xe−ipx〈0|T
{
Xhc(0) Xhc(x)

}
|0〉 (1)

This propagator does not receive any contributions from soft particles, since the corresponding loop
graphs are scaleless. In the absence of such contributions, the hard-collinear Lagrangian is equivalent
to the full QCD Lagrangian and we can rewrite the propagator in terms of standard QCD fields:

/n
2

n̄ · pJ(p2) =
∫

d4xe−ipx〈0|T
{
/n /̄n
4

W†(0)ψ(0)ψ(x)W(x)
/̄n /n
4

}
|0〉 (2)

The Dirac structures that appear to the left and right project out the large components of the two
fields. Note that $n $n̄4 /p

$n̄ $n
4 =

$n
2 n̄ · p . The quark fields are multiplied by the Wilson lines

W(x) = P exp
(
ig
∫ 0

−∞
ds n̄ · A(x + sn̄)

)
. (3)

which make the expression gauge invariant. These Wilson lines describe the leading-power emission
of collinear gluons from the heavy quark field and are included in the definition of the effective
theory field Xhc. [Check whether this leads to the correct +i0. Do we need to distinguish between in-
and outgoing heavy quark?] For our calculation of J , we use the representation (3) and the QCD
Feynman rules. The necessary diagrams are shown in Figure 1. In these diagrams, the circle-cross
vertices denote the two Wilson lines W. Equally well, one could use the SCET Lagrangian together
with (1) to perform the calculation. In this case diagrams in which a quark emits more than one
gluon would also be present, in addition to the topologies shown in Figure 1. The jet function J(p2)
is the discontinuity of the propagator

J(p2) =
1
π

Im
[
iJ(p2)

]
= δ(p2) + O(αs) . (4)

We calculate the function j(Q2) from the contour integral

j(Q2) =
∫ Q2

0
dp2J(p2) = − 1

2π

!

|p2 |=Q2

dp2J(p2) (5)

We now discuss the evaluation of the bare quantities Jbare(p2) and jbare(Q2) and then renormalize in
the next section.

Let us start with the one-loop case, which we need up to second order inε = 2− d/2. It is simple
to obtain the result for arbitrary dimension, since all loop integrals have the form

∫
ddk

(−1)−a−b−c

(
k2 + i0

)a ((k + p)2 + i0
)b

(n̄ · k + i0)c
= iπ

d
2
(
−p2
) d

2−a−b
(n̄ · p)−c J(a, b, c) (6)
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• One difficult master integral

• Use Mellin-Barnes representation, but careful 
with light-cone propagators

• Check numerically using sector 
decomposition

• Result for two-loop constant in J 

Result for the jet function

e2εγE J4 = e2εγE J(1, 1, 0, 1, 1, 1, 1, 1) =
π2

3ε2
− 7ζ3
ε
+

23π4

360
+ O(ε)

The evaluation of these integrals is straightforward with the notable exception of the last one. The
integral J4 only appears in a single diagram, the seventh graph of Figure 1.

To tackle this last integral, we use the Mellin Barnes technique [3, 4]. The basic strategy is to
first introduce Feynman parameters to perform the loop integration and then introduce Mellin Barnes
parameters to carry out the Feynman parameter integrations. What makes the method powerful is
that (after analytic continuation to ε = 0) the Mellin Barnes integrands can be Taylor expanded
around ε = 0. To start, we recall that (omitting the “+i0” terms for brevity)

J4 = π
−d(−p2)5−d (n̄ · p)2

∫
ddk
∫

ddl
1

k2 l2 (k + p)2 (l + p)2 (k + l + p)2 n̄ · k n̄ · l . (10)

We use conventional Feynman parameters to perform the k-integral, finding

J4 = π
−d(−p2)5−d (n̄ · p)2

∫
ddl

1
l2 (l + p)2 n · l

× iπd/2 Γ(3 − d
2

)
∫ 1

0
dx
∫ 1

0
dy

1
n̄ · p + ȳ n̄ · l

1
(−x2yȳl2 − xx̄ȳ(l + p)2 − xx̄yp2)3− d

2
. (11)

Here and below, we use the shorthand notation x̄ = 1 − x. In (11)We have integrated over the
Feynman parameter associated with the light-cone propagator (n̄ · k + i0)−1. This is always possible,
since the corresponding parameter η, which arises from using

1
(Q2 + i0)a(n̄ · k + i0)b =

Γ(a + b)
Γ(a)Γ(b)

∫ ∞

0
dη

ηb−1

(
Q2 + η n̄ · k + i0

)a+b , (12)

appears linearly in in the denominator even after shifting the loop momentum because n̄2 = 0. Next,
we introduce two Mellin-Barnes parameters

(A + B)−α =
1

2πi

∫ +i∞+c

−i∞+c
dw A−wB−α−w Γ(−w)Γ(α + w)

Γ(α)
(13)

to break apart the second denominator in (11) into an integral over a product with factors l2, (l + p)2

and p2. We then introduce additional Feynman parameters and perform the loop integration over l.
At the end, this leaves us with a Feynman parameter integral of the form

∫ 1

0
dy
∫ 1

0
dz

yazcȳbz̄d

y + zȳ
z̄d (14)

where the exponents a, . . . , d depend on ε and the two Mellin-Barnes parameters introduced in the
previous step. To perform the integral, we introduce a third Mellin-Barnes parameter to break apart
the denominator y + (1 − y)z. We are then left with the following three-fold Mellin-Barnes integral

3

+
1
2

(
γJ

0(γJ
0 − β0) + b(1)

0 Γ0 + Γ1 −
π2

6
Γ2

0

)
L2 −

(
1
6
β0 −

1
2
γJ

0

)
Γ0L3 +

1
8
Γ2

0L4
]
, (32)

The one-loop coefficient b(1)
0 was derived earlier [23, 37]. The main new result of our calculation is

b(2)
0 , the constant term at two-loops for which we find

b(1)
0 = (7 − π2) CF ,

b(2)
0 = C2

F

(
205
8
− 67π2

6
+

14π4

15
− 18ζ3

)
+CFnf

(
−4057

324
+

34π2

27
+

8
9
ζ3

)
(33)

+CACF

(
53129
648

− 208π2

27
− 17π4

180
− 206

9
ζ3

)
.

Our results for the logarithmic terms agree with (32) and thus confirm the results for the two-loop
anomalous dimensions γJ

1. Numerically, we find

j(L, µ) = 1 + αs (−0.304 − 0.318 L + 0.212 L2)

+ α2
s (−0.918 + 0.926 L + 0.079 L2 − 0.114 L3 + 0.023 L4) (34)

The two-loop corrections are large. At the relevant renormalization scale µ ≈ 2GeV, they are roughly
as large as the one-loop correction.

3 Trash
Alternative MB, only Γ’s

J4 =
1

(2πi)3

∫ c1+i∞

c1−i∞
dw1

∫ c2+i∞

c2−i∞
dw2

∫ c3+i∞

c3−i∞
dw3

Γ (−w1)Γ (−w2)Γ (−w3)Γ (−ε − w2)Γ (ε − w2 − w3)
Γ(−2ε)Γ (1 − w2)Γ (1 − w3)Γ (−2ε + w1 + w2 + w3 + 1)

× Γ (w1 + 1)Γ (w2 − ε)Γ (w1 + w3 + 1 − ε)Γ (w2 + w3 + 1 + ε)Γ (w1 + w2 + w3 + 1)

× Γ (w2 − ε) Γ (−ε − w1 − w3 − 1) (35)

Acknowledgments
We thank Frank Petriello for discussions and for numerically evaluating the master integral J4. We
are grateful to the Institute for Theoretical Physics at the University of Heidelberg, Germany, for its
hospitality during the completion of much of this work. This research of T.B. was supported by the
Department of Energy under Grant DE-AC02-76CH03000. The research of M.N. was supported in
part by a Research Award of the Alexander von Humboldt Foundation, and by the National Science
Foundation under Grant PHY-0355005. Fermilab is operated by Universities Research Association
Inc., under contract with the U.S. Department of Energy.

8



RG evolution of the jet-function

• Associated jet-function j is Laplace 
transform of J(p2,µi).

• RG evolution of shape function S(ω, µi) 
has exactly the same form.

form factor is infrared divergent and must be regular-
ized. When the SCET graphs are subtracted from the
QCD result, the infrared poles in 1/ε get cancelled and
replaced by ultraviolet poles. To obtain the matching co-
efficient we introduce a renormalization factor ZV , which
absorbs these poles. At one-loop order this gives [6]

CV (Q2, µ) = 1 +
CF αs

4π

(
−L2 + 3L − 8 +

π2

6

)
,

where L = ln(Q2/µ2) and αs = αs(µ). The two-loop
expression for CV can be found in [1]. The scale depen-
dence of the Wilson coefficient is governed by the evolu-
tion equation

dCV (Q2, µ)

d lnµ
=

[
Γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ) ,

(1)

where Γcusp is the universal cusp anomalous dimension
of Wilson loops with light-like segments [13], which is
associated with the appearance of Sudakov double loga-
rithms. The quantity γV accounts for single-logarithmic
evolution effects. The anomalous dimension can be ob-
tained from the coefficient of the 1/ε pole term in the
renormalization factor ZV . Using the results of [12] it
can be calculated at three-loop order. The result is pre-
sented in [1].

The jet function J is defined in terms of the disconti-
nuity of a vacuum correlator of two quark fields, made
gauge invariant by the introduction of Wilson lines. It
obeys the integro-differential evolution equation [14]

dJ(p2, µ)

d ln µ
= −

[
2Γcusp(αs) ln

p2

µ2
+ 2γJ(αs)

]
J(p2, µ)

− 2Γcusp(αs)

∫ p2

0
dp′2

J(p′2, µ) − J(p2, µ)

p2 − p′2
.

We encounter again the cusp anomalous dimension, and
in addition a new function γJ , which has been calculated
in [14] at two-loop order, and whose three-loop coefficient
is determined in [1].

III. SOLUTIONS OF THE RG EQUATIONS

The exact solution to the evolution equation (1) is

CV (Q2, µ) = exp
[
2S(µh, µ) − aγV (µh, µ)

]

×
(

Q2

µ2
h

)−aΓ(µh,µ)

CV (Q2, µh) , (2)

where µh ∼ Q is a hard matching scale, at which the
value of the coefficient CV is calculated using fixed-order
perturbation theory. The Sudakov exponent S and the
exponents an are given by

S(ν, µ) = −
αs(µ)∫

αs(ν)

dα
Γcusp(α)

β(α)

α∫

αs(ν)

dα′

β(α′)
,

aΓ(ν, µ) = −
αs(µ)∫

αs(ν)

dα
Γcusp(α)

β(α)
, (3)

and similarly for aγV , where β(αs) = dαs/d lnµ is
the β-function. The explicit perturbative expansions of
these expressions valid at next-to-next-to-leading order
(NNLO) in renormalization-group (RG) improved per-
turbation theory are given in [1].

An important object in the derivation of the solution
to the evolution equation for J is the associated jet func-
tion j̃, which has originally been defined in terms of an
integral over the jet function followed by a certain re-
placement rule [15]. More elegantly, it can be obtained
by the Laplace transformation

j̃
(

ln
Q2

µ2
, µ

)
=

∫
∞

0
dp2 e−sp2

J(p2, µ) ,

where s = 1/(eγEQ2). The inverse transformation is

J(p2, µ) =
1

2πi

∫ c+i∞

c−i∞

ds esp2

j̃
(

ln
1

eγEs µ2
, µ

)
. (4)

Using the evolution equation for the jet function we find
that the associated jet function obeys

d

d lnµ
j̃
(

ln
Q2

µ2
, µ

)

= −
[
2Γcusp(αs) ln

Q2

µ2
+ 2γJ(αs)

]
j̃
(

ln
Q2

µ2
, µ

)
,

which is analogous to the evolution equation (1) for the
hard function. Inserting the solution to this equation into
the inverse transformation (4) we obtain

J(p2, µ) = exp
[
−4S(µi, µ) + 2aγJ (µi, µ)

]

× j̃(∂η, µi)
e−γEη

Γ(η)

1

p2

(
p2

µ2
i

)η

, (5)

where η = 2aΓ(µi, µ), and ∂η denotes a derivative with
respect to this quantity. The above form of the result is
valid as long as η > 0 (i.e., µ < µi). For negative η the
singularity at p2 = 0 must be regularized using a star
distribution [1]. Relation (5) is one of the main results
of this Letter. It relates J to the associated jet function
j̃ evaluated at the scale µi, where it can be computed
using fixed-order perturbation theory. At one-loop order

j̃(L, µ) = 1 +
CF αs

4π

(
2L2 − 3L + 7 −

2π2

3

)
,

where in (5) the argument L is replaced by the deriva-
tive operator ∂η. The two-loop expression for j̃ can be
extracted from [14].

2
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tive operator ∂η. The two-loop expression for j̃ can be
extracted from [14].

2

~

where η = 2aΓ(µi, µ). This solution is valid as long as η > 0, which implies that µ < µi.
Equation (38) is completely analogous to the solution for the evolution equation of the B-
meson shape function found in [18, 21] using a technique developed in [23].

Using the connection between J and j̃ implied by Laplace transformation, it is possible to
derive an even more elegant expression for the jet function J(p2, µ), which does not involve
an integral and which is valid for both µ > µi and µ < µi. The result relates J to the
associated jet function j̃ evaluated at the scale µi, where it can be computed using fixed-order
perturbation theory. We obtain [Refer to the “wonderful formula” in B → Xsγ decay?]

J(p2, µ) = exp
[
−4S(µi, µ) + 2aγJ (µi, µ)

]
j̃(∂η, µi)

[
1

p2

(
p2

µ2
i

)η]

∗

e−γEη

Γ(η)
, (39)

where ∂η denotes a derivative with respect to the quantity η, and the star distribution is
defined as [24]

∫ Q2

0

dp2

[
1

p2

(
p2

µ2

)η]

∗
f(p2) =

∫ Q2

0

dp2 f(p2) − f(0)

p2

(
p2

µ2

)η

+
f(0)

η

(
Q2

µ2

)η

, (40)

where f(p2) is a smooth test function. The subtraction term involving f(0) is only required
if η < 0. In the form given above formula (39) holds as long as η > −1, which is sufficient for
all practical purposes. For even smaller values of η, it would be necessary to perform further
subtractions in (40) by using the double-star distributions introduced in [25].

3.3 Matching conditions and anomalous dimensions

In order to evaluate the solutions (30) and (39) of the RG equations we need as matching
conditions the value CV (Q2, µh) of the hard function at the scale µh ∼ Q, and the result for
the associated jet function j̃(L, µi) at the intermediate scale µi ∼ Q

√
1 − x. These functions

are free of large logarithms and hence can be reliably computed using fixed-order perturbation
theory. We also need perturbative expressions for the anomalous dimensions Γcusp, γV , and
γJ .

The hard matching coefficient CV (Q2, µ) is extracted in the first matching step, when the
vector current in full QCD is matched onto an effective current built out of operators in SCET.
To obtain an expression for the Wilson coefficient one must compute, at a given order in αs,
perturbative expressions for the photon vertex function in the two theories. The calculation
is simplified greatly by performing these calculations on-shell, in which case all loop graphs
in the effective theory are scale-less and hence vanish. The bare on-shell vertex function in
QCD (called the on-shell quark form factor) has been studied extensively in the literature.
The form factor is infrared divergent and can be regularized using dimensional regularization.
The bare form factor at two-loop order was calculated long ago [26, 27, 28, 29, 30], [I believe
the first calculation is incorrect! I havn’t checked the other papers except for the one
by Gehrman et al.!] and recently the infra-red divergent contributions have even been
computed at three-loop order [31]. [Also, in a heroic effort, Manohar recently succeeded
to obtain the expression valid at one-loop order [8]!] When the (vanishing) SCET graphs
are subtracted from the QCD result, the infrared poles in 1/ε get transformed into ultraviolet
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result is [15]

Γ(∆) =
G2Fα

32π4
|VtbV∗ts|

2m3b m
2
b(µh) |Hγ(µh)|

2U1(µh, µi)U2(µi, µ0)

(
∆

µ0

)η
(1)

×
{
j̃
(
ln
mb∆

µ2
i

+ ∂η, µi
)
s̃
(
ln
∆

µ0
+ ∂η, µ0

) e−γEη

Γ(1 + η)

[
1 −
η(1 − η)
6

µ2π
∆2
+ . . .

]
+ O
(
∆

mb

)}
.

Here mb is the b-quark pole mass, and mb(µ) denotes the running mass defined in the MS scheme.

The only hadronic parameter entering at this order is the quantity µ2π related to the b-quark kinetic

energy inside the Bmeson. The ellipses represent subleading corrections of order (ΛQCD/∆)
3, which

are unknown. The pole mass and µ2π must be eliminated in terms of related parameters defined in

a physical subtraction scheme, such as the shape-function scheme [16, 17]. The scales µh ∼ mb,

µi ∼
√
mb∆, and µ0 ∼ ∆ are hard, intermediate, and soft matching scales. The hard function Hγ,

the jet function j̃, and the soft function s̃ encode the contributions to the rate associated with these

scales. Note that all information about the short-distance quantum fluctuations associated with the

weak-interaction vertices in the effective weak Hamiltonian are contained in Hγ. Logarithms of

ratios of the various scales are resummed into the evolution functions U1 (evolution from the hard to

the intermediate scale) and U2 (evolution from the intermediate to the soft scale), as well as into the

quantity

η = 2

∫ µi

µ0

dµ

µ
Γcusp[αs(µ)] , (2)

which is given in terms of an integral over the universal cusp anomalous dimension of Wilson loops

with light-like segments [18]. The result (1) is formally independent of the choices of the match-

ing scales. In practice, a residual scale dependence remains because one is forced to truncate the

perturbative expansions of the various objects in the formula for the decay rate. Reducing the scale

uncertainty associated with the lowest short-distance scale, ∆ ≈ 1GeV, is the goal of the present
work.

The soft function s̃ in (1) is related to the original B-meson shape function S (ω, µ) [11] through

a series of steps. Starting from a perturbative calculation of the shape function in the parton model

with on-shell b-quark states, we first define

s
(
ln
Ω

µ
, µ
)
≡
∫ Ω

0

dω S parton(ω, µ) . (3)

ForΩ ( ΛQCD, this parton-model expression gives the leading term in a systematic operator-product
expansion of the integral over the true shape function [15]. The first power correction is linked to

the leading term by reparameterization invariance [19, 20] and gives rise to the term proportional to

µ2π/∆
2 in (1). While the perturbative expression for S parton involves singular distributions [16], the

function s has a double-logarithmic expansion of the form

s(L, µ) = 1 +

∞∑

n=1

(
αs(µ)

4π

)n (
c
(n)

0
+ c

(n)

1
L + · · · + c(n)

2n−1L
2n−1 + c

(n)

2n
L2n
)
. (4)

The function s̃ is then obtained by the replacement rule [15]

s̃(L, µ) ≡ s(L, µ)
∣∣∣∣
Ln→In(L)

, (5)

2

Sudakov factor



“Wonderful formula”

• Plug in solution of RG equations

F (E0) = h(mb, µ)

∫ ∆

0

dP

∫ P

0

dω J(mb(P − ω), µ) S(ω, µ)

F (E0) =

(

mb

µh

)

−2aΓ(µh,µ) (

mb∆

µ2
i

)2aΓ(µi,µ) (

∆

µ0

)

−2aΓ(µ0,µ)

× exp
[

2S(µh, µ) − 2S(µi, µ) + 2S(µ0, µ) − 2aγJ (µh, µi) − 2aγ(µh, µ0)
]

×h

(

ln
mb

µh
, µh

)

j̃

(

ln
mb∆

µ2
i

+ ∂η, µh

)

s̃

(

ln
∆

µ0
+ ∂η, µh

)

e−γEη

Γ(1 + η)

We can now use the fact that the original jet and shape functions are simply derivatives of these

objects, combined with the solution to the evolution equation for the hard function Hγ from [], to

write down a resummed expression for the decay rate from (1). The result is

Γ(∆) =
G2Fα

32π4
|VtbV∗ts|2m3b m2b(µh) |Hγ(µh)|2

× exp
[
2S (µh, µ) − 2S (µi, µ) + 2S (µ0, µ) − 2aγJ (µh, µi) − 2aγ(µh, µ0)

]

×
(
mb

µh

)−2aΓ(µh,µ) (mb∆

µ2
i

)2aΓ(µi,µ) ( ∆
µ0

)−2aΓ(µ0,µ)

× j̃
(
ln
mb∆

µ2
i

+ ∂η, µi
)
s̃
(
ln
∆

µ0
+ ∂η, µ0

) e−γEη

Γ(1 + η)
p3
( ∆
mb

)
+ . . . , (49)

where p3 = ..., and η = ηJ + ηS = 2aΓ(µi, µ0). Despite appearance, this result is independent of the
choice of µ and of the three matching scaleµh, µi, and µ0. To demonstrate µ independence one uses
the general relations

S (µ1, µ2) + S (µ2, µ3) = S (µ1, µ3) + ln
µ1
µ2
aΓ(µ2, µ3) ,

S (µ1, µ2) + S (µ2, µ1) = ln
µ1
µ2
aΓ(µ2, µ1) ,

aΓ(µ1, µ2) + aΓ(µ2, µ1) = 0 . (50)

For the special choice µ = µi relation (50) coincides with the “wonderful formula” derived in [].

4.2 Moments

In the analysis of hard QCD processes such as deep-inelastic scattering (DIS), which are character-

ized by a large scale Q2, it is common practice to introduce moments of the jet function defined as

[39]

JN(Q
2, µ) =

∫ Q2

0

dp2
(
1 − p2

Q2

)N−1
J(p2, µ) . (51)

In the large-N limit, the integral receives leading contributions only from the region p2 ∼ Q2/N %
Q2. The scale Q2/N is the analog of the jet scale in moment space.

Using an integration by parts, it is straightforward to express the jet-function moments in terms

of integrals over the function j(Q2, µ) calculated at two-loop order in the present work. We obtain

J1(Q
2, µ) = j(Q2, µ) , JN(Q

2, µ) = (N − 1)
∫ 1

0

dx (1 − x)N−2 j(xQ2, µ) , (52)

where the second relation holds for N ≥ 2. From the RGE for the jet function, we find the following
exact evolution equation obeyed by the jet-function moments:

d

d lnµ
JN(Q

2, µ) = −
[
2Γcusp

(
ln
Q2

µ2
− HN−1

)
+ 2γJ

]
JN(Q

2, µ)

11
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“Wonderful formula”

• All scales separated, no large perturbative 
logarithms.

• Simple analytic expressions for resummed result
• no need to go to moment space
• no Landau pole ambiguities

• Very similar expressions for DIS and Drell-Yan in 
threshold region. → Matthias’ talk

F (E0) =

(

mb

µh

)

−2aΓ(µh,µ) (

mb∆

µ2
i

)2aΓ(µi,µ) (

∆

µ0

)

−2aΓ(µ0,µ)

× exp
[

2S(µh, µ) − 2S(µi, µ) + 2S(µ0, µ) − 2aγJ (µh, µi) − 2aγ(µh, µ0)
]

×h

(

ln
mb

µh
, µh

)

j̃

(

ln
mb∆

µ2
i

+ ∂η, µh

)

s̃

(

ln
∆

µ0
+ ∂η, µh

)

e−γEη

Γ(1 + η)



Reduced scale dependence

• Result is very stable under variation of 
the lowest scale µ0 ~ Δ ≈ 1GeV! 

F
(E

0
,µ

0
)/

F
(E

0
,∆

)

µ0/∆

E0 = 1.8GeV



Summary and Conclusion

• B→Xsγ is an important constraint on New 
Physics.

• NNLO calculation is progressing fast
• Calculation of eff. weak Hamiltonian is 

almost complete.
• Matrix elements of Q7 known; 

approximations for matrix elements of Q1,2.
• Effect of the photon energy cut has been 

calculated.

• NNLO numbers should follow soon...
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The need for resummation: fixed order result

• µ=Δ ? µ=(Δmb)1/2 , µ=mb ?

µ [GeV]

F
(E

0
=

1.
8G

eV
)

uses Melnikov & Mitov, hep-ph/0505097



Experimental results

Table 42: Extrapolation factor in various scheme with various minimum photon energy require-
ment (in GeV).
Scheme Eγ > 1.7 Eγ > 1.8 Eγ > 1.9 Eγ > 2.0 Eγ > 2.242
Kinetic [260] 0.986 ± 0.001 0.968 ± 0.002 0.939 ± 0.005 0.903 ± 0.009 0.656 ± 0.031
Neubert SF [261] 0.982 ± 0.002 0.962 ± 0.004 0.930 ± 0.008 0.888 ± 0.014 0.665 ± 0.035
Kagan-Neubert [262] 0.988 ± 0.002 0.970 ± 0.005 0.940 ± 0.009 0.892 ± 0.014 0.643 ± 0.033
Average 0.985 ± 0.004 0.967 ± 0.006 0.936 ± 0.010 0.894 ± 0.016 0.655 ± 0.037

After surveying all available experimental results, we choose the most updated ones from
each experiment for the average. Since the b → sγ branching fraction from Υ (4S) and Z pole
decays are not equal footing, we drop the ALEPH measurement in this average [263]. Finally
the five shown in Table 43 are selected. They have provided in their papers either the b → sγ
branching fraction at a certain photon energy cut or the extrapolation factor used. Therefore
we are able to convert them to the values at Emin = 1.6 GeV using the information in Table 42.
The errors are, in order, statistical, systematic and shape-function systematic, except for the
BABAR inclusive where there is a second systematic error (third quoted error) due to theoretical
uncertainties. Moreover, in the three inclusive analyses a possible b → dγ contamination has
been considered according to the theoretical expectation of (4.0±1.6)%. The uncertainty from
the b → dγ fraction in the three inclusive measurements should not be considered independently.
For those three measurements, a fourth uncertainty for the b → dγ fraction is included. We
perform the average assuming that the systematic errors of the shape function and the dγ
fraction are correlated, and the other systematic errors and the statistical errors are Gaussian
and uncorrelated. The obtained average is B(b → sγ) = (355 ± 24+9

−10 ± 3) × 10−6 with a
χ2/DOF= 0.74/4, where the errors are combined statistical and systematic, systematic due to
the shape function, and the dγ fraction. The last two errors are estimated to be the difference of
the average after simultaneously varying the central value of each experimental result by ±1σ.
Although a small fraction of events was used in both the semi-inclusive and inclusive analyses in
the same experiment, we neglect their statistical correlations. Some other correlated systematic
errors, such as photon detection and the background suppression, are not considered in our new
average. In the future it would be better if each collaboration would provide a single combined
result so that the average can be performed more accurately and easily.

Table 43: Reported branching fraction, minimum photon energy, branching fraction at mini-
mum photon energy and converted branching fraction for the decay b → sγ. All the branching
fractions are in units of 10−6. See text for an explanation of the errors.
Mode Reported B Emin B at Emin Modified B (Emin = 1.6)
CLEO Inc. [264] 321 ± 43 ± 27+18

−10 2.0 306 ± 41 ± 26 329 ± 44 ± 28 ± 6 ± 6
Belle Semi. [265] 336 ± 53 ± 42+50

−54 2.24 − 369 ± 58 ± 46+56
−60

Belle Inc. [266] 355 ± 32+30+11
−31−7 1.8 351 ± 32 ± 29 350 ± 32+30

−31 ± 2 ± 2
BABAR Semi. [267] 335 ± 19+56+4

−41−9 1.9 327 ± 18+55+4
−43−9 349 ± 20+59+4

−46−3

BABAR Inc. [268] − 1.9 367 ± 29 ± 34 ± 29 392 ± 31 ± 36 ± 30 ± 4 ± 6

6.4 Baryonic decays
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